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Rolex Auction 

1 2 3 𝑛 

12k 17k 9k 11 

… 

GOAL:  maximize social welfare 
(valuation of the player who wins) 



Rolex Auction 

1 2 3 𝑛 

12k 17k 9k 11 

… 

GOAL:  maximize social welfare 
(valuation of the player who wins) 

second-price 

… 

[Vickrey 61]: “run my second-price mechanism” 
                       “highest bidder wins, pays the second bid…” 

bid1 bid2 bid3 bid𝑛 12k 17k 9k 11 

MSW=17k 

SW=17k 



Rolex Auction 

1 2 3 𝑛 

12k 17k 9k 11 

… 

GOAL:  maximize social welfare 
(valuation of the player who wins) 

VCG mechanism 

… 

[VCG 70s]: “Can also do multiple goods (combinatorial auctions)!” 

12k 17k 9k 11 



: Fantastic! 

♦  Two-Line Mechanism  

♦  Two-Line Proof 

♦  Optimal Performance 

Oversimplified? 



optimal performance from an 
ASSUMPTION: 

1 2 3 𝑛 … 
12k 17k 9k 11 

17k 9k 11 12k 

17k. Or 17.01k? 

each player knows his own valuation exactly 

Warning! 
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1 2 3 𝑛 … 

First attempt 
Weaker assumption: Bayesian? 

each player knows his own individual Bayesian 

same second-price mechanism: just truthfully bid 
your expected value 

Does player 2 really know 
Pr[16k]

Pr[16.6k]
 = 1.53175290120983217579843217 ? 

If no, Bayesian assumption is still very strong! 



1 2 3 𝑛 … 

First attempt 
Weaker assumption: Bayesian? 



1 2 3 𝑛 … 

[7k,9k] {3k,5k} [3.5k,7.7k] {11} 

Our Attempt 
Our assumption: “approximate valuation” 

each player only knows that his valuation is drawn 
from a set 



Our Attempt 
Our assumption: “approximate valuation” 

exists some global constant 𝛿 ∈ [0,1] 

player 𝑖 has a 𝛿-approximate valuation set 𝐾𝑖 

player 𝑖’s true valuation 𝜃𝑖 is guaranteed to be ∈ 𝐾𝑖 

1 2 3 𝑛 … 

[7k,9k] {3k,5k} [3.5k,7.7k] 

=8k (1 ± 12.5%) ⊆4k (1 ± 25%) =5.6k (1 ± 37.5%) 11 (1 ± 0%) 

{11} 

Example: 𝛿 = 40% 

⊆8k (1 ± 𝛿) ⊆5.6k (1 ± 𝛿) ⊆4k (1 ± 𝛿) ⊆11 (1 ± 𝛿) 

Remark 1: Player 𝑖 does not know 𝛿.  
Remark 2: The seller may or may not know 𝛿. 

fact 



Our Attempt 
Our assumption: “approximate valuation” 

exists some global constant 𝛿 ∈ [0,1] 

player 𝑖 has a 𝛿-approximate valuation set 𝐾𝑖 

player 𝑖’s true valuation 𝜃𝑖 is guaranteed to be ∈ 𝐾𝑖 

𝛿 = 0 ⇒ Classical Mechanism Design 
𝛿 > 0 ⇒ Mechanism Design with Approximate Valuations 

Unrelated work: Knightian decision theory 
Uncertainty is modeled as a set, but not studied under mechanism design. 
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1 2 3 𝑛 … 

0 𝑀𝑆𝑊 

guaranteed 
social welfare 

0 1 

𝜹 

How Much SW Can We Guarantee? 



1 2 3 𝑛 … 

0 𝑀𝑆𝑊 

guaranteed 
social welfare 

0 1 

𝜹 

How Much SW Can We Guarantee? 



1 2 3 𝑛 … 

0 𝑀𝑆𝑊 

guaranteed 
social welfare 

0 1 

𝜹 

How Much SW Can We Guarantee? 



WAIT!!! 
How to define SW or MSW when 𝜽𝒊 is unknown? 

[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

1 2 3 𝑛 … 

{11} 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

1 2 3 𝑛 … 

{11} 

Adversarial Performance Measure 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

1 2 3 𝑛 … 
8k 3k 7k 11 

the devil’s choice 

{11} 

Adversarial Performance Measure 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

winner=? (prices=…) 

rational bid1 rat.bid2 rat.bid3 rat. bid𝑛 

1 2 3 𝑛 … 
8k 3k 7k 11 

{11} 

Adversarial Performance Measure 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

winner=2 (prices=…) 

rational bid1 rat.bid2 rat.bid3 rat. bid𝑛 

1 2 3 𝑛 … 
8k 3k 7k 11 

{11} 

Adversarial Performance Measure 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

1 2 3 𝑛 … 
8k 3k 7k 11 

winner=2 (prices=…) 
SW = 3k 
MSW = 8k 

rational bid1 rat.bid2 rat.bid3 rat. bid𝑛 

MSW SW 

{11} 

Adversarial Performance Measure 



[7k,9k] {3k,5k} [3.5k,7.7k] 

auction 
mechanism 

1 2 3 𝑛 … 
8k 3k 7k 11 

winner=2 (prices=…) worst SW/MSW 
over devil choices 

rational bid1 rat.bid2 rat.bid3 rat. bid𝑛 

{11} 

Adversarial Performance Measure 



Today’s Agenda 

Motivation 

Our Valuation Model 

Our Performance Measure 

Our Results 

Conclusions 



Our Results 

Dominant Strategies 

Single-good 
auctions 

A single good on sale. 

[ITCS’12] 

A good of 𝑚 copies, with 

monotonically decreasing 

valuations. [in submission] 

𝑚 good on sale, players may 

be interested in arbitrarily 

subsets. [in submission] 

A classical solution 

concept, used also by 

second-price. 



Our Results 

… Dominant Strategies 

Implementation in … 

𝑠𝑖 ≥ 𝑠𝑖
′  iff  ∀𝑠−𝑖                          𝑢𝑖(𝜃𝑖; 𝑠𝑖 , 𝑠−𝑖) ≥ 𝑢𝑖 𝜃𝑖; 𝑠𝑖

′, 𝑠−𝑖  ∀𝜃𝑖 ∈ 𝐾𝑖 

Nonsense:                                       
If 𝐾2 = {3k, 5k}, how can 

player 2 know which 3k and 5k 
is his best strategy? 

Not So!! 
each 𝑖 could bid a set of 

valuations,  in particular 𝐾𝑖 

𝜃𝑖 

𝑖 

𝐾𝑖 

(Coincides with Knightian decision theory, i.e., 1-player behavioral analysis.) 

Call a mechanism with such property 
a dominant-strategy mechanism. 



Our Results 

Dominant Strategies 

Negative result Positive result 

Single-good 
auctions ? 

? 𝑓(𝛿)? 
(1 − 𝛿)? 
1 − 𝛿 2? 



Our Results 

Dominant Strategies 

Negative result Positive result 

Single-good 
auctions ≤

1

𝑛
 ≥

1

𝑛
 

70(1 ± 0.1) 

70(1 ± 0.01) 

70 1 ± 0.001  

𝟕𝟎 

Interpretation: dominant strategy is useful iff 
exact valuation 

(∀𝛿 > 0, 𝑛) Trivial: assign at random! 



Dominant-Strategy for Single-Good 
Thm’: ∀𝑛 ∀𝛿 > 0 ∀𝐵 ≥ 1

𝛿
   ∀dst 𝑀, ∃𝐾1 … 𝐾𝑛,

∃𝜃1 … 𝜃𝑛 ∈ 𝐾1 … 𝐾𝑛 

𝔼[𝑆𝑊(𝜃, 𝑀(𝐾))] ≤   1

𝑛
+ 

1
𝛿

+1

𝐵
  𝑀𝑆𝑊 𝜃   

 

Thm’: ∀𝛿 > 0, ∀dominant-strategy-truthful 𝑀, 

 it can guarantee no more than 
1

𝑛
⋅ MSW 

 

Thm: ∀𝛿 > 0, ∀dominant-strategy 𝑀, 

 it can guarantee no more than 
1

𝑛
⋅ MSW 

Revelation Principle 

1. players bid sets of values 
2. bidding his true 𝐾𝑖 is a dominant strategy. 

Valuation bound. 



 

 

 

 

 

 

 

 

Dominant Freezing Lemma 

Dominant-Strategy for Single-Good 
Thm’: ∀𝑛 ∀𝛿 ∀𝐵 ≥ 1

𝛿
   ∀dst 𝑀, ∃𝐾, ∃𝜃 ∈ 𝐾 

𝔼[𝑆𝑊(𝜃, 𝑀(𝐾))] ≤   1

𝑛
+ 

1
𝛿

+1

𝐵
  𝑀𝑆𝑊 𝜃   

Proof: 𝛿 𝑥 ≝ 𝑥 − 𝛿𝑥 , 𝑥 + 𝛿𝑥 ∩ {0, … 𝐵} 

Dominant Freezing Lemma: 

   (∀)𝐾−𝑖 

…
 

1
𝛿

 

𝐾𝑖 

0 1 
𝑀𝑖

𝐴(𝐾) 

𝛿 𝛿 
𝐾 

player 𝑖’s allocation probability under 𝑀: 



Dominant-Strategy for Single-Good 
Thm’: ∀𝑛 ∀𝛿 ∀𝐵 ≥ 1

𝛿
   ∀dst 𝑀, ∃𝐾, ∃𝜃 ∈ 𝐾 

𝔼[𝑆𝑊(𝜃, 𝑀(𝐾))] ≤   1

𝑛
+ 

1
𝛿

+1

𝐵
  𝑀𝑆𝑊 𝜃   

Proof: 𝛿 𝑥 ≝ 𝑥 − 𝛿𝑥 , 𝑥 + 𝛿𝑥 ∩ {0, … 𝐵} 

QED 
…

 

1
𝛿

 

𝐾1: 

𝐾𝑛: 

𝐾2: 𝛿 𝛿 

𝛿 𝛿 

WLOG, 𝑀 says that player 

1 gets the good w.p. ≤
1

𝑛
 

𝛿 𝛿 

• ∀𝑖, ∀𝐾−𝑖  , ∀𝑥 ≥
1

𝛿
    𝑀𝑖

𝐴 𝛿 𝑥 , 𝐾−𝑖 = 𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖  

Dominant Freezing Lemma 



Dominant-Strategy for Single-Good 

• ∀𝑖, ∀𝐾−𝑖  , ∀𝑥 ≥
1

𝛿
    𝑀𝑖

𝐴 𝛿 𝑥 , 𝐾−𝑖 = 𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖  

Dominant Freezing Lemma 

Proof: 

𝑀𝑖
𝐴 𝛿 𝑥 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 , 𝐾−𝑖 ≥ 𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 + 1 , 𝐾−𝑖  

∀𝜃𝑖 ∈ 𝛿 𝑥  

𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 + 1 , 𝐾−𝑖 ≥ 𝑀𝑖
𝐴 𝛿 𝑥 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 , 𝐾−𝑖  

∀𝜃𝑖 ∈ 𝛿 𝑥 + 1  

𝜃𝑖 = 𝑥 

𝜃𝑖 = 𝑥 + 1 

+ 

𝑀𝑖
𝐴(𝛿 𝑥 , 𝐾−𝑖)  𝑀𝑖

𝐴(𝛿 𝑥 + 1 , 𝐾−𝑖)  

1
𝛿

 

𝐾𝑖 = 𝛿[𝑥] 
𝑥 𝑥 + 1 

(𝛿[𝑥] dominates 𝛿[𝑥 + 1]) 

1
𝛿

 

𝐾𝑖 = 𝛿[𝑥 + 1] 
𝑥 𝑥 + 1 

(𝛿[𝑥 + 1] dominates 𝛿[𝑥]) 



Dominant-Strategy for Single-Good 

• ∀𝑖, ∀𝐾−𝑖  , ∀𝑥 ≥
1

𝛿
    𝑀𝑖

𝐴 𝛿 𝑥 , 𝐾−𝑖 = 𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖  

Dominant Freezing Lemma 

Proof: 

𝑀𝑖
𝐴 𝛿 𝑥 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 , 𝐾−𝑖 ≥ 𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 + 1 , 𝐾−𝑖  

∀𝜃𝑖 ∈ 𝛿 𝑥  

𝑀𝑖
𝐴 𝛿 𝑥 + 1 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 + 1 , 𝐾−𝑖 ≥ 𝑀𝑖
𝐴 𝛿 𝑥 , 𝐾−𝑖 𝜃𝑖 − 𝑀𝑖

𝑃 𝛿 𝑥 , 𝐾−𝑖  

∀𝜃𝑖 ∈ 𝛿 𝑥 + 1  

𝜃𝑖 = 𝑥 + 1 

𝜃𝑖 = 𝑥 

+ 
𝑀𝑖

𝐴(𝛿 𝑥 , 𝐾−𝑖)  𝑀𝑖
𝐴(𝛿 𝑥 + 1 , 𝐾−𝑖)  

To claim that 

𝑥 + 1 ∈ 𝛿[𝑥], we 

need 𝑥 ≥
1

𝛿
 



Our Results 

Dominant Strategies 

Negative result Positive result 

Single-good 
auctions ≤

1

𝑛
 ≥

1

𝑛
 

(∀𝛿 > 0, 𝑛) 

undominated-strategy 

mechanisms 

 

 

 

dominant-strategy 

mechanisms 

Undominated Strategies 

Negative result Positive result 
A weaker notion than dominant strategies. 



Our Results 

… Dominant Strategies … Undominated Strategies 

Implementation in … 

𝜃𝑖 

𝑖 

𝐾𝑖 

 



Our Results 

… Dominant Strategies … Undominated Strategies 

Implementation in … 

“<” 

𝜃𝑖 

𝑖 

𝐾𝑖 

 

𝑠𝑖 > 𝑠𝑖
′ iff: 

1)  ∀𝑠−𝑖                       𝑢𝑖 𝜃𝑖; 𝑠𝑖 , 𝑠−𝑖 ≥ 𝑢𝑖 𝜃𝑖; 𝑠𝑖
′, 𝑠−𝑖  

2)  ∃𝑠−𝑖
′                        𝑢𝑖 𝜃𝑖; 𝑠𝑖 , 𝑠−𝑖

′ > 𝑢𝑖 𝜃𝑖; 𝑠𝑖
′, 𝑠−𝑖

′  
∀𝜃𝑖 ∈ 𝐾𝑖 

∃𝜃𝑖 ∈ 𝐾𝑖 



Our Results 

… Dominant Strategies … Undominated Strategies 

Implementation in … 

𝜃𝑖 

𝑖 

𝐾𝑖 

 



Our Results 

Dominant Strategies Undominated Strategies 

Negative result Positive result Negative result Positive result 

Single-good 
auctions ≤

1

𝑛
 ≥

1

𝑛
 

det ≤
1−𝛿

1+𝛿

2
 

prob ≤
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  

det ≥
1−𝛿

1+𝛿

2
 

prob ≥
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  
The classical second-price mechanism. 

Non-trivial! Need to deal with all mechanisms! 
Strategies could be numbers, sets, or even angry birds! 

Our own probabilistic mechanism. 

5,7 = 

= 

𝐾𝑖 

stupid above 

stupid below 



Combinatorial 
auctions 

Our Results 

Dominant Strategies Undominated Strategies 

Negative result Positive result Negative result Positive result 

Single-good 
auctions ≤

1

𝑛
 ≥

1

𝑛
 

det ≤
1−𝛿

1+𝛿

2
 

prob ≤
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  

det ≥
1−𝛿

1+𝛿

2
 

prob ≥
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  

? 

? 

VCG ≤
1−𝛿

1+𝛿

2𝑚−2
 

If instead, ask each player to report his favorite set 

with a bidding valuation, one can get  
1

𝑛

1−𝛿

1+𝛿

2
!! 

 

It is an open question at this moment 
for a generic impossibility result here.  

• Characterizing player’s entire set of 
undominated strategies. 

VCG Characterization Lemma 

𝑚 goods on sale, players may 

be interested in arbitrarily 

subsets. [in submission] 

e.g.  𝜃𝑖 1 = 7, 𝜃𝑖 2 = 10, 𝜃𝑖 1,2 = 12 



Undom. Strat. in Comb. Auctions 

𝑣𝑖 is a number 
e.g. 𝑣𝑖 = 7 

𝐾𝑖 is 𝛿-approximate 
e.g. 𝐾𝑖 = [6,9] 

𝑣𝑖 is non-stupid iff: 

𝑣𝑖 is a function 2 𝑚 ∖ ∅ → ℝ≥0 
e.g.  𝑣𝑖 1 = 7, 𝑣𝑖 2 = 10, 𝑣𝑖 1,2 = 12 

𝐾𝑖 𝑆  is 𝛿-approximate 
e.g.  𝐾𝑖 1 = 6,9 , 𝐾𝑖 2 = 8,11 , 𝐾𝑖 1,2 = [10,13] 

𝑣𝑖 is non-stupid iff: 

• under the VCG mechanism for combinatorial auctions of 𝑚 goods, for 
every player 𝑖, his bidding strategy 𝑣𝑖  is undominated if and only if… 

VCG Characterization Lemma 

𝑣𝑖 ∈ 6,9 × 8,11 × [10,13]? 

Single-good (2nd price): Combinatorial auction (VCG): 

𝐾𝑖 

stupid above 

stupid below 

𝑣𝑖 ∈ 6,9  



Undom. Strat. in Comb. Auctions 

• under the VCG mechanism for combinatorial auctions of 𝑚 goods, for 
every player 𝑖, his bidding strategy 𝑣𝑖 ∈ UDed(𝐾𝑖) if and only if… 
 
 

VCG Characterization Lemma 

e.g.  𝐾𝑖 1 = 6,9 , 𝑣𝑖 2 = 8,11 , 𝑣𝑖 1,2 = [10,13] 

undominated  
strategies 

“𝑣𝑖 is inside the union of 𝑚! triangular cylinders, minus two hypercubes…” 

= 



Undom. Strat. in Comb. Auctions 
Thm: ∀𝑛 ≥ 2, 𝑚 ≥ 2, 𝛿 > 0, the VCG 

mechanism guarantees 
1−𝛿

1+𝛿

2𝑚−2
⋅ MSW. 

QED 



Hyperlink 

Dominant Strategies Undominated Strategies 

Negative result Positive result Negative result Positive result 

Single-good 
auctions ≤

1

𝑛
 ≥

1

𝑛
 

det ≤
1−𝛿

1+𝛿

2
 

prob ≤
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  

det ≥
1−𝛿

1+𝛿

2
 

prob ≥
1−𝛿 2+

4𝛿

𝑛

1+𝛿 2  

Multi-unit 
auctions ≤

1

𝑛
 ≥

1

𝑛
 ≤

1−𝛿 2+
4𝛿

𝑛

1+𝛿 2   ≥
1−𝛿

1+𝛿

2
  

Combinatorial 
auctions ≤

1

𝑛2𝑚−1 ≥
1

𝑛(2𝑚 − 1)
 VCG ≤

1−𝛿

1+𝛿

2𝑚−2
 

Revelation Principle 

VCG Characterization Lemma 

Dominant Freezing Lemma 

Undominated Intersection Lemma 

Distinguishable Monotonicity Lemma 



Today’s Agenda 

Motivation 

Our Valuation Model 

Our Performance Measure 

Our Results 

Conclusions 



Conclusion Know thyself! 

mechanism design = 

2 

𝑛 × 

GOAL:  want to learn about others,  
who may not know themselves very well. 

Today’s positive results: 
The GOAL is desirable and doable! (But more work.) 

+  

Today’s negative results: 
More exciting work to be done! 



Thank you! 

May 1, 2012 RQE presentation 

Please, please, 
let me pass… 


