Two Mergeable Data Structures
Disjoint-Set Jf & 4E & Leftist-Tree Zcfl##




Disjoint-Set(Union-Find Set) Jf- &£

m N distinct elements into a collection of
disjoint sets.

m Op1l: Find which set a given element belong in
I.e. Judge if two elements are in the same set

m Op2: Unite two sets
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An Example of Disjoint-Set

Operation Disjoint sets

Initialization  {a} {b} {c} {d} {e} {f}
Merge(a,b)  {a,b} {c} {d} {e} {f}
Query(a,c) False

Query(a,b) True

Merge(be)  {a,b,e} {c} {d} {f}
Merge(c,f) {a,b,e} {c,f} {d}

Query(a,e) True

Query(c,b) False

Merge(b,f) {a,b,c,ef} {d}

Query(a,e) True

Query(d,e) False
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Naive Algorithm

m Assign each set a label. 25825 %

w {a} {b} 1ct {d} {e} {f}

1 2 3 4 5 6
Merge(a,b) 1 1 3 4 5 6
Merge(b,e) 1 1 3 4 1 6
Merge(c,f) 1 1 3 4 1 3
Merge(b,f) 1 1 1 4 1 1
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Naive Algorithm

m Assign each set a label. %54 & %

w {a} {b} {c} {d} {e} {f}
1 2 3 4 5 6

Merge(a,b) 1 1 3 4 5 6

Merge(b,e) 1 1 3 4 1 6

Merge(c,f) 1 1 3 4 1 3

Merge(b,f) 1 1 1 I ) 1

Query(a,e)
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Naive Algorithm

m Assign each set a label. 25825 %

w {a} {b} 1ct {d} {e} {f}

1 2 3 4 5 6
Merge(a,b) 1 1 3 4 5 6
Merge(b,e) 1 1 3 4 1 6
Merge(c,f) 1 1 3 4 1 3
Merge(b,f) 1 1 1 4 1 1

m Query — O(1); Merge — O(N)
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First Look — Tree Structure

: © 6 6

m Merge(a,b)

m Merge(b,e) ’% ®©@ ®
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First Look — Tree Structure

& © @ ®
m Merge(c,f) & : @

ﬁ ®
m Merge(b,f)

May 30, 2008 Zeyuan Zhu 8




First Look — Tree Structure

m Merge(b,r)
m Attach f's tree as the direct subtree of b’s

m RFFRTLE R £ D0 DEITAE RN B L 410

m Par[i] indicates i's father node; Par[i]=i for roots
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First Look — Tree Structure

m Query(b,f)

m Simply compare the roots of b’s tree and f’s tree

m {i] B EL DN FRITAE A AR 19 e 15 AH [
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First Look — Tree Structure

m [Veakness
m Merge(c,d), Merge(b,c), Merge(a,b)
m Query(d,”)

O(N)!
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First Look — Tree Structure

m [Veakness
m Merge(c,d), Merge(b,c), Merge(a,b)
m Query(d,”)

) Merge — O(N); Query — O(N)
O(N)!
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Improve One — Union by Rank

m For each node, maintain a Rank that is an
upper bound on the height of that subtree

m BN YR — > RankaR 7~ 1B 5 K hl e =i BE
m Root with smaller rank is made to point to
root with larger rank in Merge operation.

m BN Rankit) B 3% 2155 K Rankis [ HR 1S .

- I
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Improve One — Union by Rank

New One Old One

m LINK(X, V) m LINK(X, y)

m If Rank[x]>Rank[y] m par[y] € X
m par[y] € x

m Else
m Par[x] < vy
m If Rank[x]=Rank[y]
m Rank[y]++
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Improve One — Union by Rank
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Improve One — Union by Rank

s GET_PAR(a)
m If Par[a]=a
m Return a

m Else
m Return GET_PAR(par[a])

m Query(a,b)

m Return GET_PAR(a)==GET_PAR(b)
m Merge(a,b)

m LINK( GET_PAR(a), GET_PAR(b) )
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Improve One — Union by Rank

m GET_PAR(a) — O(log,N)
m If Par[a]=a
m Return a

m Else
m Return GET_PAR(par[a])

m Query(a,b) — O(log,N)

m Return GET_PAR(a)==GET_PAR(b)
m Merge(a,b) — O(log,N)

m LINK( GET_PAR(a), GET_PAR(b) )
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Improve Two — Path Compression

m In GET_PAR method, make each node on
the find path directly point to the root

| w S GET_PARIT A $R A% b1 1 B R
GET_PAR(d)

——
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Improve Two — Path Compression

New Code Old Code
m GET_PAR(a) m GET_PAR(a)

m If Par[a]!=a m If Par[a]=a
m Par[a] =GET_PAR(par[a]) m Return a
m Return par[a] m Else

m Return GET_PAR(par[a])

20

Path
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Complexity

Amortized cost of GET_PAR operation O(a(n))
GET_PAR R £ 1)~ 52 2% B2 b O(a(n))
m a(n) =0, if 0<=n<=2

o =1, if n=3
O =2, if 4<=n<=7
o =3, if 8<=n<=2047

2

O =4, if 2048<=n<=A4(1)z }2048

92°
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Complexity

Amortized cost of GET_PAR operation O(a(n))
. GET_PARR 112 2= B2 O(a(n))

m Amortized analysis is a tool for analyzing algorithms that
perform a sequence of similar operations.
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Practical Use

Path
| Compres |
\ sion
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Practical Use

@ get_par(int u) {
if (par[a]!=a)
par[a] = get_par(par[a]);
return par[a];

int link(int x, int y) {
if (rank[x]>rank[y]) par[y]=x;
else par[x]=y;
if (rank[x]==rank[y])
rank[y]++;

(!nt par[]; |
tlnt rank[]:

int query(int a,int b) {
return get_par(a)==get_par(b);

-

void merge(int a,int b) {
link(get_par(a), get_par(b)
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Practical Use

ﬁt get_par(int u) {
if (par[a]!=a)
par[a] = get_par(par[a]);
return par[a];

int link(int x, int y) {
par[y]=Xx;

{int par[]; }

int query(int a,int b) {
return get_par(a)==get_par(b);

-

void merge(int a,int b) {
link(get_par(a), get_par(b)
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Practical Use

ﬁt get_par(int u) { |
if (par[a]!=a)

par[a] = get_par(par[a]);
return par[a];

{int par[]; }

int query(int a,int b) { void merge(int a,int b) {
return get_par(a)==get_par(b); par[get_par(a)] = get_par(b);
by

-
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Practical Use
a

int get_par(int u) {
return par[a]==a ? a : par[a]=get_par(par[a]);

{int par[]; }

int query(int a,int b) { void merge(int a,int b) {
return get_par(a)==get_par(b); par[get_par(a)] = get_par(b);
by
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Exercise i o 4% it

M E'Lﬁ = j(f%a\

m Mij: iEZRIS O LE AN A A S, A
N AR (AL AT AR 5 )3 22 ) 5 dil

LE PRI BA 271 ) 2 38 o

m Cij: WREMWK, MERIESRS RS H) S
M AR AR — 4, WERAE R —4H,
WA EAZ A ' 2 /D

m National Olympiad in Informatics 2002 i
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http://acm.buaa.edu.cn/oj/problem_show.php?c=0&p=1113

Exercise i o 4% it

m o] LRSI e — NS, A, LBAIY)
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Improve Two — Path Compression

m In GET_PAR method, make each node on
the find path directly point to the root

| w JGET_PART #1542 1197 1 ELHE 48 1 B

GET PAR(d)

8
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| eftist-Tree A1t -
AU
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Lestist Tree /& 1kH%

- Classical Heap Leftist Tree Binomial Heap | Fibonacci Heap

Initialization

Insert

Get Top

Remove Top

Remove Any

Merge

Coding
Difficulty

O(n)
O(logn)
o(1)
O(logn)
O(logn)
O(n)

Low

O(n)
O(logn)
0(1)
O(logn)
O(logn)
O(logn)

Medium

Zeyuan Zhu

O(n)
O(logn)
O(logn)
O(logn)
O(logn)
O(logn)

High

O(n)
0(1)
0(1)
O(logn)
O(logn)
o(1)

Very High
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m Every node has a count dist on the distance
to the nearest external node(on its own
subtree). In addition to the heap property,
leftist trees are kept so the right descendant
of each node has shorter distance to a leaf.

m SN AT H G T BRI R Ah s
Zdist, br T HAMH RN, Ami ARiE
LT dist/h T A% T
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Merge Operation: Merge(A, B)

A A
m Simplest case: either tree is empty (A=NULL
or B=NULL). Just return the other tree.

m R B S, BIR AR
m [f A==NULL Return B

m [f B==NULL Return A
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Merge Operation: Merge(A, B)

A

3

e —

m Suppose A's root has larger key. Simply
merge B and the right subtree of A.

m AR T RBEEE R, RAL T AIBE T
m [f Key|A] < Key|B| Swap(A,B)
m Right[A] € Merge(Right[A], B)
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Merge Operation: Merge(A, B)

A
L\
m Swap Right(A) and Left(A) when necessary
m Y TR #Right(A) M Left(A)

m If dist[left[A]] < dist|Right[A]]
m Swap(left[A],right[A])
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Merge Operation: Merge(A, B)

AA
m Update dist(A)
m If Right[A]==NULL

]
m dist[A] € 0

m Else
m Dist[A] € dist[Right[A]] + 1
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Other Operations

m Insert(A, x)
m Merge(A, tree of x)

m RemoveTop(A)
m Merge(Left[A], Right[A])
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Lestist Tree /& 1kH%

- Classical Heap Leftist Tree Binomial Heap | Fibonacci Heap

Initialization

Insert

Get Top

Remove Top

Remove Any

Merge

Coding
Difficulty

O(n)
O(logn)
o(1)
O(logn)
O(logn)
O(n)

Low

O(n)
O(logn)
0(1)
O(logn)
O(logn)
O(logn)

Medium
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O(n)
O(logn)
O(logn)
O(logn)
O(logn)
O(logn)

High

O(n)
0(1)
0(1)
O(logn)
O(logn)
o(1)

Very High
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Mixture of Disj-Set & Leftist Tree

m Merge(Node a, Node b)

m Merge two heaps containing a/b respectively
m R Ea /bR A HES JT
m FindMax (Node a)

m Acquire the maximum element in the heap of a

m KafJTEHEH 1)U
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Applications

Eor
¥

m Medical Science: %<7 |
m Biology: 4l &4 i}
m Math: &2
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